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Abstract
Based on the (in part verified) ideas of a dynamical “abelian-ization” and
subsequent “center-ization” of pure SU(N) gauge theory an effective potential
for relevant field variables is constructed. To do this the theory is assumed to
be thermalized and to be gravitationally deformed. The classical discussion
can be justified for the regime of maximal abelian gauge symmetry. For the
center symmetric phase classical arguments are applicable in the large N limit.
Employing loop-expansion within (resummed) perturbation theory, the calcula-
tion of eective potentials due to fundamental, renormalizable interactions has a
long standing history [1]. Applied to the framework of (imaginary time) nite tem-
perature theory this approach has had its successes investigating the strength of
phase transitions of higgsed abelian gauge theories and the electroweak symmetry
breaking in the standard model [2]. A common feature of the perturbative results
is the fact that the temperature dependence of the ground state of the theory is
always contained in the parameters of the eective potential and not in the solution
of the corresponding equation of motion. This is due to the fact that the ground
state is, for reasons of calculational feasiblity, assumed to be a conguration of con-
stant and temperature independent, gauge invariant, and scalar eld strength. In
the linear sigma model, which is a way to picture chiral symmetry breaking, -
nite temperature eective potentials were obtained by clearly abusing perturbation
theory since the expansion parameter is much larger than unity. Even the results
of the afore mentioned gauge theory calculations cast doubt on the convergence of
the perturbative expansion. A property of the perturbative treatment is the gauge
invariance to each and every order in the coupling constant. This invariance is an
important guiding principle for the organization of diagrams. Therefore it must not
be violated - after all it is crucial to prove renormalizability of the theory. However,
there are fairly strong indications that fundamental gauge symmetries masquerade
as smaller gauge or even discrete symmetry at low energy [3, 4]. The symmetries
under these subgroups are thought to be represented by composite degrees of free-
dom whose very occurence as vacuum dominating elds breaks the respective higher
symmetry spontaneously. Typically, one would have an adjoint, composite scalar
eld in pure SU(2) Yang-Mills theory whose condensation would generate magnetic
monopoles and spontaneously would break the fundamental gauge symmetry down
to the abelian subgroup U(1). The condensation of monopoles, in turn, would spon-
taneously break the U(1) gauge symmetry which in a nal transition masquerades
as the center symmetry Z2 to render the theory in its conning phase. Viewed as
a composite, the Higgs eld of the Standard Model may have originated from a
spontaneous break-down of a higher than SU(2)U(1)SU(3) gauge theory with no
fundamental, scalar matter [5].
These cascading spontaneous symmetry breakings can not be captured in a per-
turbative approach. In spiritual analogy to Chiral Perturbation Theory (χPT ) [6],
which is non-renormalizable in the sense that at a xed order in the momentum ex-
pansion there are divergences that can not be swallowed by a counterterm contained
in the structure of the classical Lagrangian, we therefore propose an alternative to
perturbative calculations of eective potentials at nite temperature. We specialize
to the case of SU(N) gauge theories. The idea is that once the relevant degrees
of freedom of a low-energy description are identied their interaction can be con-
strained by a small set of principles. In χPT the only experimentally justied and
very constraining assumption about the nature of pionic degrees of freedom is that
they are the Goldstone bosons of a spontaneously broken, global symmetry.
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We here appeal to the intuition [7] that fundamental and pure SU(N) gauge
theories essentially masquerade as (dual) U(1)N−1 but higgsed theories within some
intermediate range of resolution. Thereby, a non-zero Higgs eld expectation sig-
nals the condensation of correspondingly charged monopoles. These theories, in
turn, may be invariant only under the discrete subgroups ZN as one tunes down the
resolution even further [3, 4]. The connement picture relying on the condensation
of center vortices has been impressibly veried on the lattice for N=2 [8]. Note that
there monopole and Z2 vortex condensation were found not to be mutually exclu-
sive. On the contrary, the appearance of Z2 vortices in the conning phase seems to
imply an even stronger form of monopole condensation. Consequently, although an
eective description may be in terms of scalar monopole elds, a transition to the
phase, where only the center symmetry survives, is captured. A question worth ask-
ing then is whether there are, in analogy to χPT , physically motivated constraints
so as to render the interaction of these Higgs elds unique. In this Letter we argue
that at least for large N the answer seems to be yes.
For the case N = 3 it was argued in [9] that the maximal abelian subgroup
U(1)3−1 can be promoted to U(1)3 and afterwards diminished back to U(1)3−1 by
imposing one constraint on the sum of phases of the 3 Higgs elds and by (trivially)
integrating out the additional gauge eld. This is suggested by the observation that
the magnetic charges of the dual U(1)3 theory are integer multiples of the positive
(articially extended) root vectors of SU(3). If this procedure would hold in general,
one would have to impose # (positive) roots=1
2
(N2{N) minus # physical magnetic




N+1 # constraints on the
# in part articially introduced Higgs elds=1
2
(N2{N). This, however, would make
general considerations impractical. Therefore, one should restrict to the simplest
case N=2. Still, we do simulate the case N>2 by allowing for the corresponding
center symmetry ZN at low temperatures.
It has proven useful in the past to consider interaction with gravity as a guide
to derive justied expressions for, say, the energy-momentum-tensor in the limit of
a flat but bounded spacetime [10]. We therefore start with the following action of











µν +DµφDµφ− V ( φφ)
]
. (1)
Thereby, Dµ  ∂µ + ieAµ denotes the gauge covariant derivative, and V is the
to-be-constructed eective potential for the Higgs eld. For most applications the
limit gµν ! ηµν is understood after a discussion of the matter sector. Thereby, ηµν
denotes the flat-space metric.
As usual, a thermal (equilibirum) description of the theory is obtained through
a continuation of the action (1) to imaginary time iτ, (0  τ  β  1
T
) where T de-
notes the temperature. We construct by satisfying the following three constraints:
1) The gravitational deformation of the thermal ground state be encoded in the
shape of the potential.
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2) According to what was said above we allow for a transition to a ZN symmetric
phase for eld modulus jφj close to a single mass scale  of the potential V .
3) The T dependence of the ground state be entirely absorbed into the correspond-
ing solutions to the eld equations and not in the usual, perturbatively obtained T
dependence of parameters of the eective potential.
We will justify a posteriori that, except for the critical region where they drive the
transition, quantum fluctuations are integrated out for large N and hence are con-
tained in the shape of the potential. Given this fact, the theory can be constructed
classically.
An explanation of points 1)-3) is in order now. Point 1) is a call for simplic-
ity. Rather than solving a fully coupled system of equations 1) ensures a partial
decoupling. Point 2) incorporates the simplest possible dimensional transmutation:
A dimensionless coupling constant g plus N2{1 elds in the fundamental theory are
mapped onto a dimensionless coupling constant e, 2(N{1) elds, plus a mass scale
 in the eective theory. Since we are only interested in global properties of the
ground state a single mass scale is reasonable. However, disturbing the vacuum of
SU(N) gauge theory locally, there is a wealth of mass scales to be considered [11].
Point 3) is based on the idea that a T independent potential, which describes the
thermal properties of the ground state in terms of the corresponding solution, may
be of qualitative relevance at T = 0 if resolution is considered a variable quantity.
Let us turn to point 1). Ignoring the gauge sector of the theory for the moment,




, rµrµ φ = ∂V
∂φ
. (2)
Here rµ denotes the covariant derivative w.r.t. gravity. Since the covariant deriva-
tive contain Chistoel symbols gravity does, in general, deform the scalar eld ob-
tained by ignoring this interaction. Can one put this deformation into the shape of
the potential? Since a covariant derivative acts on a scalar like an ordinary derivative
this would be the case if φ, φ satised rst-order equations from which the second-
order equations (2) would follow. This property is called BPS saturation [12]. Since
we would like to describe the ground state of the theory φ, φ ought not depend on
spatial coordinates. In ref. [15] it was shown that φ and φ being solutions of the
BPS equations,
∂τφ = V
1/2 , ∂τ φ = V
1/2 , (3)
implies that they are also solutions to the corresponding second-order equations in
the covariant derivative rτ . Thereby, V  V 1/2( φ)V 1/2(φ). Under consideration
of 3) it is known that the existence of BPS saturated solutions along a compact
dimension (0  τ  β) necessitates V 1/2 and V 1/2 to possess single poles [13].
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Together with 2) this xes the potential uniquely as
V ( φφ) =
6
φφ
+ λ2−2(N−3)( φφ)N−1 − 2 λ6−N 1φφRe φ
N (λ  1) . (4)
Note that the addition of a nite constant destroys the existence of BPS saturated
solutions and therefore property 1). Modulo a constant phase eiδ the \square root"







, (λ  1) . (5)
The choice of phase is correlated with a choice of gauge. For the ground state solution
we x the gauge to shue as much physics as possible into the scalar sector. At
T > 0 we fortunately have a criterion on how to do this: solutions to eqs. (3) must
be periodic. Only the choice δ = pi leads to periodic solutions [14]. In ref. [15]
it was shown that for suciently large N up to the rst inflection point jφjc of the






β , (n 2 Z) . (6)
It is observed that inflection point jφjc does exist only for N>8. There is a slow
convergence limN!1 jφjc = . For N8 there is no classical phase transition, and
one has to impose a numerical criterion to classify phases. However, as we shall
see below, a (quasi)classical discussion of the transition is only appropriate in the
limit of large N. The distinct topologies are labelled by n. Since within each given
topology the BPS saturated solution is the one of lowest spatial action density these
solutions are stable. In ref. [15] it was shown that there exists a conguration Aµ,
which solves the euclidean Maxwell equations in the background of gravity and the
Higgs eld φ(1) (and trivially also for φ(n)) and is pure gauge. Restricting to n = 1, it
is easily shown that the Higgs mechanism induced vector mass mA is much smaller










For e < 1 there is a considerable suppression of mA as compared to mφ since
jφjc   [15]. Therefore, the Born-Oppenheimer approximation, which led to the






6 2pi  15.4 , (jφ1j < jφjc) . (8)
So with prevailing momenta p  T scalar quantum fluctuations of mass mφ are to be
neglected since they can be viewed as implicitly contained in V . But this is exactly
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what one expects from an eective potential of explicit mass scale : Fluctuations of
momenta larger than  are integrated out and do not deform the classically obtained
ground state. For the vector contributions one may argue that at suciently small
coupling e the deformation of the ground state is marginal. As a consequence of
the dynamics outlined above the ground state behaves like a medium with constant
specic heat 2pi3 [15].
Let us now look at the regime where jφj  jφjc. For large N we have jφjc 
. At jφjc scalar fluctuation become massless. Therefore they are dynamically
relevant. For jφj slightly larger than jφjc scalar fluctuations are tachyonic, and hence
they strongly drive the system towards the ZN symmetric phase. Gauge invariance
masquerades as a discrete symmetry at low energy [3]. Viewed from a euclidean
perspective, BPS saturated solutions still exist, but the modulus of φ starts to vary
along the euclidean time dimension [14]. This signals that the ground state becomes
unstable and that one approaches a phase transition. Once φ relaxes to one of the
N points φk of minimal energy (V
1/2 = 0) with






, (k = 0,    , N{1) , (9)
euclidean and Minkowskian description are equivalent. This is also true for the
description of topologically non-trivial defects such as ZN domain walls [14]. For a
similar situation [16] it has been shown, however, that as a result of the rapidity
of the phase transitions domains cannibalize very eciently within periods of the
order of −1. Due to the topological triviality of φk the ground state is a perfect
thermal insulator. Moreover, along the lines of refs. [17] it can be argued for the ZN
symmetric theory that relic vector bosons couple very weakly to matter not charged
under the original SU(N) gauge group if N is not too small. This is a consequence
of the absence of matter-eld-composed lower dimensional operators which possibly
could mediate a more rapid decay. So relic vector bosons contribute to the dark
matter of the universe. Extending the fundamental SU(N) theory by a fundamental
fermionic matter sector, one should assign ZN charge to color neutral composite
operators of these elds which are relevant in the conning phase. The latent heat
Q of the transition between the abelian gauge theory and the center symmetric
phase should be dened by the value of V at jφjc. Keeping  xed, Q viewed as a
function of N has a maximum of  1.62 4 at N=14 and for N!1 approaches 4.
The mass of scalar fluctuations around one of the N vacua is mφ =
p
2N.
So if we interpret this phase as the conning one we see that even though quantum
fluctuations should in principle matter at jφj =  the description in terms of classical
elds becomes better and better with growing N. This may relate to the observation
that bound states of light quarks aquire zero width in the limit N !1 since there
are no fluctuations in the vacuum which possibly could mediate a decay.
To summarize, based on a small set of principles we have constructed an eective
potential for the description of global ground state properties of thermalized SU(N)
pure gauge theory in eective eld variables for large N. As one application this
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potential puts to practice the appeal of the gauge principle for cosmic evolution. In
particular, the questions of how inflationary cosmology works and what the origin
of ultra-high energy cosmic rays is can be addressed in an orderly fashion [15].
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